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Further Pure Maths 2 Solution Bank @) Pearson

Exercise 7B

La fx)=0-x" = f(0)=1
£'00)=-10-x)" (=) =(1-x)" = £'(0) =1
£7(x) = 2(1=x) > (=) = 2(1 - %) s £7(0) = 2
f(x) =-320-0)7"(-D=320-0"  ={"(0)=3!

General term: The pattern here is such that f (’)(x) can be written down

fO@) =r(r=1)...20-x) " =r11-x) " = £00) = 1!

" (r)
Using f(x)=f(0)+f’(0)x+%x2+...+mxr+...

r!
-1 2, rl . 2 r
(1-x) =1+x+5x +...+—'x +o=1+x+x"+ 4+ X+
. r.
b
f(x)=1+x=(1+x) = £(0)=1
f'(x)=2(1+x) = = '(0) =1
£(x)=1(-4)1+x)* = f"(0)=-1
() =4 (-1)(-3)a+x)" = "(0)=3

Using Maclaurin’s expansion

Ji+x :1+lx+ﬂx2 +@x3 -
2 2!

3!
2 3
T S
2 8 16
2 f(x)=e""" = f(0)=1
f'(x)=cosxe"™* = f'(0) =1

sin x

f"(x)=cos’xe™™* —sinxe™ = f"(0)=1
Substituting into Maclaurin’s expansion gives
sin x

e :1+1x+ix2+...
21

=l+x+1x%+...
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3 a f(x)=cosx
f'(x)=-sinx
f"(x)=—cosx
f""(x) =sinx

f""(x) = cos x

= £"(0)=-1

Solution Bank

= f(0)=1
=f'(0)=0

= £(0)=0
=£"(0) =1

The process repeats itself after every 4th derivative, like sin x does.
Using Maclaurin’s expansion, only even powers of x are produced.

cosx=1+(_—l)x2 +l 4
! 41
4
X
_1__+T!+ +(-1)

4

2r)!
2r

;X

(2r)!

+(_1) x2r+

b Using cosx ~ 1—% +% with x =% (must be in radians)

cos~1

2

72 31104

4

T

=0.86605... which is correct to 3 d.p.

4 a Substituting x =1 into the Maclaurin expansion of e*, gives

The approximations, to 4 d.p. where necessary, using » terms of the series are

n

1

3

4

5 6

7

8 9

10

Approx.

1

2.5

2.6667

2.7083 | 2.7167

2.7181

2.7183 | 2.7183

2.7183

So e=2.718 (3 d.p.)

b Substituting x =0.2 into the Maclaurin expansion of In (1+x), gives

In (Ej =02-
5

(0.2)* . 0.2° (0.2)* . 0.2 (0.2)° .\ 0.2)’ o

2

3

4

5

6

7

The approximations, to 4 d.p. where necessary, using » terms of the series are

n

1

Approximation

0.2

0.18

0.1827

0.1823

0.1823

So In GJ =0.182(3 dp.)
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5 a f(x)=¢,f"(x)=3"¢"
So £(0) =1, £'(0) =3, £"(0) =3, £"(0) = 3°, £"(0) = 3*

REMNEE

2 3 4
fx)=e™ =1+3x+—x* + —x’ +—x* + ...
2! 3! 4!
2 3 2
= 1+3x+9i+9i+%x4 +...| Note : thisis1+3x + (3;)
b As f(x)=In(1+2x), f(0)=In1=0
f'(x)= =2(1+2x)7", f'(0)=2
1+2x

£(x) = —4(1+2x) 2, £"(0)=—-4
£'(x) =16(1+2x) >, £(0) =16
f(x) = —96(1+2x)~*, £""(0) =-96
Soln(1+2x)=0+2x+ (;?)xz + (136')x3 + (_3'6))5‘ +...

3!

41

3
=2x—2x? +%_4x4 +...| Note : this is 2x —

¢ f(x)=sin’x £(0)=0
f'(x) =2sinxcosx =sin2x  f'(0)=0
f"(x) =2cos2x £f"(0) =2
f"'(x) = —4sin2x £"'(0)=0
f""(x) = —8cos2x f""(0)=-8
So,f(x)=sin® x= 0+0x+%x2 +0x° +%x4 +...=x" —%4+...

@', ' @v'

4

T i . . (@
6 cos| x—— |=cosxcos| — |+sinxsin| —
( 4) (4j (4j

Use cos(A—B)=cos Acos B+sin Asin B.

1 .
=—(cosx +sin x)

2
R U [ PR S A T (N S
BV |G TR TR B G TR
A

2 2 6 24

7 a f(x)=(1-x)’In(l-x)

f'(x) = (1-x7) f‘—l) +2(1-x)(=1)In(1 - x) Use the product rule.
—X

=x—1-2(1-x)In(1-x)

f”(x)=l—2[(l—x)>< f‘l) —ln(l—x)} =1+2+2In(1—-x)=3+2In(1-x)
X
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-2
7 b ()=

-X
Substituting x =0 in all the results gives

£(0)=0, f'(0) =—1, £"(0) =3, "'(0) =2

¢ f(x)=(1-x)*In(l-x)=0+(- l)x+ (3') 34

3.5
X 1 3 5
SINX=X——+——...=X——X +——Xx" —
3! 5! 6 120
2 4
X 1
cosx=l-"—+"— . =1-—x*+—x" -
21 41 2 24

6 120

so 3sinx —4xcosx +x =3(x—lx3 +Lx5 —...j—4x(l—%x2 +$x4 —...j+x

:?vc—lx3 +ix5 —4x+2x° —le +x+...
40 6

2
3sinx — 4xcosx+x—§x3 —1—7x5 +.
2 120
b 351nx—4)§cosx+x :i— 17 x2+higherpowers in x using a
X 2 120

o .3
Hence, the limit, as x— 0, is 5

9 2 f(x)=Incosx = £(0)=0
f'(x) = X (—sin x) =1'(0)=0
COS X
=—tanx
b f"(x)=—sec’ x = £"(0) -1
£"'(x) = —2sec x(secx tan x) = -2 sec’ x tan x =1"(0)=0
£"(x) = —2{sec” x(sec® x) + tan x(2sec’ x tan x)} = t""(0)=-2

¢ Substituting into Maclaurin’s expansion

lncosx=0+0x+( )2+0 +( )4
2 4
- X
2 12
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1=

1 1 1
but In| — |=In2? =——In2,

1 n '
so ——In2=———- +...
2 2.16 12.256
2 4
=>hn2=—+ , using only first two terms.
16 6.256

7'C2 7'C2
=—|1+—
16[ 96}

f'(x) =sec’ x

10
f(x)=tanx

£”(x) = 2 sec x(sec x tan x) = 2sec” x tan x

£"'(x) = 2sec’ x +4sec’ xtan? x

£""(x) = 16sec” x tan x + 8sec” x tan’ x

£""(x) =16sec® xtan” x +88sec” x tan” x +16sec’® x
Substituting into Maclaurin’s expansion gives

2 1
tanx=0+1x+2x2 +—x3+2x3+—6x5+
2! 3! 4! 5!
X’ 5
=X+—+—Xx +
3 1
Challenge
. o0 xl’t
a e =
; n!
limE“l)! =lim =0,VxeR
noel ST noeip +1

so the Maclaurin expansion of

e converges for all x e R

b ln(1+x)=iﬂ

n

(_1)11 xn+l
n+l
(—1y &
n

=lim

n—>00

lim

n—»0

—X

so the Maclaurin expansion of

In(1+ x) converges for |x| <1

and diverges for |x| >1

L T 1 Y 1 (=
9 d Substituting x =— gives In| —— |=——| — |- —| —
©1TgE (ﬁ} 2(16} 12(256

= £(0)=0
= f'(0)=1

= £(0) =0
= £"'(0) =2

= £""(0) =0 as tan(0) =0

= £""(0) =16 astan(0) = 0 and sec(0) =1
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